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Abstract
In this paper we deﬁne a new monoid construction under crossed products for given
monoids. We also present a generating set and a relator set for this product. Finally,
we give the necessary and suﬃcient conditions for the regularity of it.
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1 Introduction and preliminaries
In [], some conditions for the regularity of the semi-direct product are given. Moreover,
in [], a newmonoid construction under semi-direct product and Schützenberger product
for any two monoids is deﬁned, and its regularity is examined. Also, in [], necessary and
suﬃcient conditions for this new product to be strongly π-inverse are determined. The
regularity and π-inverse property for the Schützenberger product are studied in []. By
using similar methods as in these above papers, the purpose of this paper is to deﬁne a
new monoid construction under a crossed product and to give its regularity.
Deﬁnition  A crossed system of monoids is a quadruple (A,B,α, f ), where A and B are
twomonoids, and f : B×B→ A and α : B→ End(A), where End(A) denotes the collection





f (b,b) = f (b,b)αbb (a), ()





for all b,b,b ∈ B, a ∈ A. The crossed system (A,B,α, f ) is called normalized if f (B, B) =
A. Themap α : B→ End(A) is called weak action and f : B×B→ A is called an α-cocycle.
If (A,B,α, f ) is a normalized crossed system, then we have f (B,b) = f (b, B) = A and
αB (a) = a by [].
Let A and B be monoids, and let f : B × B → A and α : B → End(A) be two maps. Let









for all b,b ∈ B, a,a ∈ A. Then (A#fαB, ·) is a monoid with unit A#fαB = (A, B) if and
only if (A,B,α, f ) is a normalized crossed system. In this case, the monoid A#fαB is called
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a crossed product of A and B associated to the crossed system (A,B,α, f ) []. The reader
is referred to [] and [] for more details on this material.
Deﬁnition  Let A and B be monoids. For a subset P of A × B and a ∈ A, b ∈ B, we
let deﬁne Pb = {(c,db); (c,d) ∈ P} and aP = {(ac,d); (c,d) ∈ P}. Then the Schützenberger
product of the monoids A and B, denoted by A♦B, is the set A × ℘(A× B) × B (where
℘(·) denotes the power set) with the multiplication given by
(a,P,b)(a,P,b) = (aa,Pb ∪ aP,bb).
It is known that A♦B is a monoid with identity (A,∅, B), where ∅ is an empty set (see
[]).
2 A newmonoid construction
In this section, as one of the main results of the paper, we deﬁne a new monoid construc-
tion under a crossed product and the Schützenberger product by considering the deﬁni-
tions given in the above section. In order to do that, ﬁrstly we give the deﬁnition of this
new product and then we deﬁne its presentation.
Deﬁnition  Let A and B be monoids. For P ⊆ A× B and b ∈ B, we deﬁne
Pb =
{
(a,db); (a,d) ∈ P}.
Let us consider the following multiplication:
(a,P,b)(a,P,b) =
(
aαb (a)f (b,b),Pb ∪ P,bb
)
on the set A× ℘(A× B)× B, where f : B× B → A and α : B → End(A) are given in Deﬁ-
nition .





























































f (b,bb),Pbb ∪ Pb ∪ P,bbb
)
.
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Let us denote this new product by Acp#fαB. Then, by the above argument, we say that
Acp#fαB is a monoid with the identity (A,∅, B).
By the following remark, we explain why this new product is worked on in this paper.
Remark  In [–] the authors give some new results about the p-Cockcroft property of
some extensions. So, by using these papers, one can also work on this subject by using this
new product. So, one can give some new eﬃcient (equivalently, p-Cockcroft) presentation
examples. By the way, one can also do further algebraic works on this new product. For
instance, in this paper, we give necessary and suﬃcient conditions for this new product to
be regular.
3 Presentation of Acp#fαB
Let us consider Remark . In order to do such algebraic work, we need to deﬁne the presen-
tation of this new product. So, in the following theorem, we give a presentation of Acp#fαB
as one of the main results of this paper.
Theorem  Let us suppose that the monoids A and B are deﬁned by presentations [X;R]
and [Y ;S], respectively. Then Acp#fαB is deﬁned by generators




yx = αy(x)y (x ∈ X, y ∈ Y ), ()
za,b = za,b, za,bzc,d = zc,dza,b (a, c ∈ A,b,d ∈ B), ()
za,by = yza,by, xza,b = za,bx (x ∈ X, y ∈ Y ,a ∈ A,b ∈ B), ()
where WS is the word on X.
Proof Let us denote the set of all words in Z by Z∗. Let
ψ : Z∗ −→ Acp#fαB
be a homomorphism deﬁned by ψ(x) = (x,∅, B), ψ(y) = (A,∅, y) and ψ(za,b) = (A, {(a,b)},
B), where x ∈ X, y ∈ Y , a ∈ A and b ∈ B. Also, we can easily see that we have






(A,P, B)(A,P, B) = (A,P ∪ P, B), ()
(a,∅, B)(A,∅,b)(A,P, B) = (a,P,b)
for a,a,a ∈ A, b,b,b ∈ B and P,P ⊆ A× B. This says that ψ is onto. Now let us show
that Acp#fαB satisﬁes relations ()-(). Let R = xx · · ·xs, where x,x, . . . ,xs ∈ X. Thus the
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relation () follows from (x,∅, )(x,∅, ) · · · (xs,∅, B) = (R,∅, B) = (A,∅, B). Also, let S =
yy · · · yk , where y, y, . . . , yk ∈ Y , then the relation () follows from
(A,∅, y)(A,∅, y) · · · (A,∅, yk) = (WS,∅,S) = (WS,∅, B),
whereWS = f (y, y)f (yy, y)f (yyy, y) · · · f (yy · · · yk–, yk). For relations (), we have
(A,∅, y)(x,∅, B) =
(







In fact the relations given in () follow from (), () and (). Now let us show that


















































Thus these above arguments say that ψ induces an epimorphism ψ from the monoid
deﬁned by ()-(), sayM, onto Acp#fαB.
Let us consider the relations () and (). By using these relations, there exist words wx
in X∗, wy ∈ Y ∗ and wa,b ∈ {za,b : a ∈ A,b ∈ B}∗ such that w = wxwywa,b in M for w ∈ Z∗.
Moreover, it can be noted that relations () can be used to prove that there exists a set
P(w)⊆ A× B such that wa,b =∏(a,b)∈P(w) za,b. So, we have









for any word w ∈ Z∗.
Now, let us takew′ = w′xw′yw′a,b andw′′ = w′′xw′′yw′′a,b for somew′,w′′ ∈ Z∗. Ifψ(w′) =ψ(w′′),
then, by the equality of these components, we deduce that w′x = w′′x in A, w′y = w′′y in B and
P(w′) = P(w′′). Relations () and () imply that w′x = w′′x and w′y = w′′y hold in M. So that
w′ = w′′ holds. Thus ψ is injective. 
4 Regularity of Acp#fαB
Let A and B be monoids. As depicted in Remark , one can work on this new product to
show some algebraic properties. To this end, in this section we deﬁne the necessary and
suﬃcient conditions for Acp#fαB to be regular.
For an element a in a monoidM, let us take a– for the set of inverses of a inM, that is,
a– = {b ∈ B : aba = a and bab = b}. HenceM is regular if and only if, for all a ∈M, the set
a– is not equal to the empty set.
The reader is referred to [–] and [] for more details.
Let us consider the notations given in Deﬁnition . Then we have the following theorem
as a ﬁnal main result of this paper.
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Theorem  Let A and B be any monoids. The product Acp#fαB is regular if and only if A is
a regular monoid and B is a group.
Proof Let us suppose that Acp#fαB is regular. Thus, for (a, {(A, B)}, B) ∈ Acp#fαB, there






































































Thus we have y = B. This gives that a = axa and x = xax. Hence A is regular. By using the














































































yb∪ Pb∪ {(A, B)
}
,
P = Pby∪ {(A, B)
}
y∪ P
and, in particular, (A, yb) = (A, B) and Pby = P, we get yb = by = B. This says that B is a
group.
Suppose conversely that A is a regular monoid and B is a group. Let us take (a,P,b) ∈
Acp#fαB. Since B is a group, then there exists y in B such that by = yb = B. Also, since A is
regular, we can take c = αy(v) for some f (b, y)v ∈ a– such that v ∈ (af (b, y))–. Now, let us
consider the following:





= af (b, y)αby(v)a = af (b, y)va = a,










= αy(v) = c.
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Also, by choosing, P = Py⊆ A× B, where P ⊆ A× B, we get
Pyb∪ Pb∪ P = P ∪ Pyb∪ P = P ∪ P ∪ P = P,
Pby∪ Py∪ P = Py∪ Py∪ Py = Py = P.
Consequently, for every (a,P,b) ∈ Acp#fαB, there exists (c,P, y) ∈ Acp#fαB such that
(a,P,b)(c,P, y)(a,P,b) =
(
aαb(c)f (b, y)αby(a)f (by,b),Pyb∪ Pb∪ P,byb
)
= (a,P,b),
(c,P, y)(a,P,b)(c,P, y) =
(
cαy(a)f (y,b)αyb(c)f (yb, y),Pby∪ Py∪ P, yby
)
= (c,P, y),
where P = Py, by = yb = B and c = αy(v) for some f (b, y)v ∈ a– such that v ∈ (af (b, y))–.
Hence the result. 
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